Abstract. In this paper we apply Morse theory to study the existence of nontrivial solutions for nonlinear elliptic equations with general weight and Hardy potential in the Sobolev-Hardy space.
Introduction
This paper is motivated by the recent interest in elliptic equations of the form where ψ 1 = φ(
The first eigenvalue of problem (0.6) is
which is simple and isolated and has a positive eigenfunction u 1 . Similarly to [14] , we denote the eigenvalue sequence of problem (0.6) by
Assume the Carathéodory function f (x, s) satisfies:
(f 5 ) There exist σ ∈ (0, 2) and α a nonpositive constant, such that
When ψ = 0, Caldiroli and Musina [5] studied problem (0.1) with φ(
In addition, they considered the case of finite many singular points as x 0 . When φ = 1 and ψ = κq(x)/|x| 2 with κ < (N − 2) 2 /4, problem (0.1) has been discussed in many papers such as [9, 10] . Adimurthi and Sandeep [3] studied the existence or nonexistence of the solution
, then the operator −Δ − μ |x| 2 is unbounded; see [10] . It has been proved in [2] that problem (0.1) has solutions in the sense of distribution when ψ(x) < [14] , who were the first to consider the degenerate elliptic equation with a general weight and Hardy potential.
If f (x, 0) = 0, then problem (0.1) has a trivial solution u = 0. We are interested in finding nontrivial solutions of problem (0.1). It follows from Morse theory that comparing the critical groups of I at zero and infinity may yield the existence of nontrivial solutions to problem (0.1) (cf. [6] ). The critical groups depend mainly upon the behaviors of the function f (x, s) or its primitive F (x, s) near zero and near infinity, respectively. In this paper, we want to study the existence of nontrivial solutions of problem (0.1) by using Morse theory and imposing various conditions on f (x, s) or its primitive F (x, s) near the origin and near infinity.
Our main results are the following:
and one of the following conditions:
(2) (f 3 ) with μ = ∞ and (f 4 ). Then problem (0.1) has at least one nontrivial weak solution in H.
Remark. In this theorem, condition (f 2 ) is a nonresonance condition. Condition (2) was studied in [14] by using the mountain pass theorem. In this paper, we consider it by using Morse theory. Moreover we consider it asymptotically linear in the infinity as in case (1).
) and one of the following conditions:
Remark. This time, condition (f 2 ) means that problem (0.1) is resonant near zero at the eigenvalue λ l (φ, ψ 1 ) from the right side. We also do not need to assume that the limit exists, and we can replace ( (1) is considered the first time by using Morse theory. When φ = 1 and ψ = 0, condition (2) was studied in [14] , Theorem 1.1, but in the infinity they assume the superquadraticity condition: There exist M > 0 and θ > 2 such that
In this case, we weaken the superquadraticity condition to (f 3 ) and (f 4 ).
) has at least one nontrivial weak solution in H.
Remark. When φ = 1 and ψ = 0, problem (0.1) was considered in [8] , Theorem 1.5, under the conditions (f 1 ), (f 2 ) with ν = ∞, (f 3 ) and
2F (x, s) − sf (x, s) > 0 for all x ∈ Ω and t = 0.
Condition (0.7) is a strong assumption; we drop it and assume (f 5 ).
As we have mentioned, we will use Morse theory to prove our main existence results. Let us now collect some concepts and results that will be used below. We denote by K the set of critical points of I, K := {u ∈ X : I (u) = 0}, and let 
Then we call the vector space C q (I; u) for the qth critical group of I at u.
Remark. Due to the excision property of singular homology [6] , the definition of the critical groups does not depend on the particular choice of the neighborhood U . If the functional I satisfies the PSC condition and if
is finite, we have the following Morse relations between the Morse critical groups and homological characterization of subset sets:
Let a < inf I(K). We refer to the critical group of I at infinity as C q (I; ∞) := H q (X, I a ), q ∈ Z (cf. [11] , [13] ).
Definition 0.5. The functional I satisfies (D c ) at the level c ∈ R if for anyε > 0 and any neighborhood N of K c , there are ε > 0 and a continuous deformation
(1) every bounded sequence {u n } such that {I(u n )} is bounded and I (u n ) → 0 possesses a convergent subsequence, and
Remark. We note that I satisfies the deformation condition if I satisfies the PSC condition. Let I satisfy the (D) condition, and let u = 0 be a critical point of I. Morse theory [6] , [12] tells us that if K = {0}, then C q (I; ∞) ∼ = C q (I; 0) for all q ∈ Z. It follows that if C q (I; ∞) = C q (I; 0) for some q ∈ Z, then I must have a nontrivial critical point.
Preliminary results
for some positive constants M 1 and M 2 , then there exists a constant C > 0 such that for any u ∈ H,
There exists a constant C > 0 such that for any u ∈ H, 
for any u ∈ H, where
Lemma 1.4. Assume (f 1 ) and (f 3 ) with μ < ∞ is not an eigenvalue of problem (0.6). Then the functional I satisfies the Palais-Smale (PS) condition.
Proof. Since the function f (x, s) satisfies the subcritical growth condition (f 1 ), a standard argument (cf. [14] , [16] ) shows that we just have to prove that the PS sequence is bounded. Assume it does not hold. Then there exists a sequence {u n }, ||u n || → ∞ and c ∈ R such that for any ϕ ∈ H,
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Set v n = u n /||u n ||. Then ||v n || = 1, and let v be such that (up to q subsequence)
Multiplying both side of (1.7) by 1/||u n || we have
for all ϕ ∈ H. At the same time, from (f 3 ) there exists a constant C > 0 such that
Similarly we can deduce that
From (1.9) and (1.10), we have
From (1.6) and (1.11), we have
From (1.12) (taking ϕ = v) and (1.13), it is easy to deduce that v n → v in H. Then, taking n → ∞ in (1.12), we have
which is a contradiction since μ is not the eigenvalue of problem (0.6). 
Critical group in the origin
Lemma 2.1. Assume (f 1 ) and (f 2 ) with ν ∈ (0, λ 1 (φ, ψ 1 )). Then C q (I; 0) ∼ = δ q,0 Z for all q ∈ Z.
Proof. For any u ∈ H, it follows from (f 1 ) and (f 2 ) that 
Hence, u = 0 is a local minimizer of I(u). From [6] , we have
It follows that if u ∈ W ⊥ and 0 < ||u|| < ρ for ρ > 0 small, then
On the other hand, take u ∈ W ; then u = l i=1 a i u i . Since W is finite dimensional, it is easily seen that ||u|| ≤ ρ ⇒ |u| ≤ r, ∀x ∈ Ω for ρ > 0 small and r > 0.
So it follows from (f 2 ) and ν ∈ (λ l (φ, ψ 1 ), λ l+1 (φ, ψ 1 )) that for ||u|| ≤ ρ,
Notice that dimW = l. It follows from [13] , Proposition 2.1, that
Proof. For 0 = u ∈ H and (f 2 ) we have
Then there exists an t 0 > 0 such that (2.2) I(tu) < 0, for all 0 < t < t 0 . Indeed, let u ∈ H be such that I(u) = 0; that is,
In turn, for (f 1 ) and (f 5 ) respectively, we have for ε > 0 sufficiently small that there exists r = r(ε) > 0 such that Proof. Let S = {u ∈ H : ||u|| = 1}. For any u ∈ S, from (f 3 ) we have
Then there is a constant A > 0 such that for any a > A there exists t 0 such that
using (f 4 ), for any u ∈ S we have
Therefore, for any fixed a > A, by the Implicit Function Theorem there exists a unique T := T (u) > 0 such that I(T (u)u) = −a for u ∈ S. Then following the argument of Proposition 3.1 in [11] , we can deduce that 
More precisely, the following alternative holds: either
Lemma 3.3. Assume (f 1 ) and (f 3 ) with μ < ∞. Let {u n } be a sequence in H, weakly convergent to a function u and
Then, it is easily seen that
Similarly, we have
It is easy to see that
Using Lemma 3.3 and (3.4), for u ∈ V we have (3 
